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ABSTRACT 1. INTRODUCTION

Quantum computation has become an intriguing technology with ~ Physical systems that behave quantum-mechanically have dy-
which to attack difficult problems and to enhance system security. hamics which can be exploited to speed up certain computational
Quantum algorithms, however, have been analyzed under idealizedasks. This is the essential thought behind the field of quantum
assumptions without important physical constraints in mind. In this computation and quantum information. A significant challenge
paper, we analyze two key constraints: the short spatial distance ofarises in implementing quantum computation, however, because
quantum interactions and the short temporal life of quantum data. guantum systems are unstable: their quantum state is easily altered
In particular, quantum computations must make use of extremely by omnipresent extraneous noise. This problendefoherence
robust error correction techniques to extend the life of quantum was once thought to be a fundamental problem for quantum infor-
data. We present optimized spatial layouts of quantum error correc-mation processing [8], but the discovery of fault-tolerant construc-
tion circuits for quantum bits embedded in silicon. We analyze the tions [1, 24, 28, 10] changed this; it is now known that an arbitrar-
complexity of error correction under the constraint that interaction ily reliable quantum computer can be constructed from unreliable
between these bits is near neighbor and data must be propagateguantum wires and gates, as long as certain conditions are met.
via swap operations from one part of the circuit to another. These constructions are made possible by recursive application of
We discover two interesting results from our quantum layouts. quantum error correction, generalizing the classical version of von
First, the recursive nature of quantum error correction circuits re- Neumann'’s early constructions for reliable automata [38, 40].
quires a additional communication technique more powerful than ~ The conditions for fault-tolerant quantum computation are as fol-
near-neighbor swaps — too much error accumulates if we attemptlows: First, the probability of failure of each elementary component
to swap over long distances. We show that quantum teleportationmust be less than some threshold vafug currently estimated
can be used to implement recursive structures. We also show thato be around 10%.  Second, current fault models assume that
the reliability of the quantum swap operation is the limiting factor errors are independent and uniformly distributed (although other
in solid-state quantum computation. error models can also be dealt with by changing the scheme ap-
propriately). Third, and most interesting, a variety of assumptions
are made about both the quantum circuit and the necessary classi-

Categones and SUbJeCt Descrlptors cal controller. In particular, it is essential that the quantum circuit
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Error control codes than the quantum circuitry. Without these propertigg decreases
significantly [1, 10].

General Terms Here, we take this study one step further, and consider the im-

pact ofphysical layoubn the requirements for fault-tolerant quan-
tum computation. Do realistic physical implementations of these
machines allow achievable fault-tolerance thresholds? In particu-
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computing realized?

Such questions can now be seriously considered in light of recent
progress in the physical implementation of quantum computers,
with a wide variety of systems ranging from spins in molecules [9]
and single photons [19], to spins in semiconductors [16], trapped
ions [20, 18], and superconducting systems [37], among others.
Permission to make digital or hard copies of all or part of this work for These systems have led to successful demonstrations of a wide va-
personal or classroom use is granted without fee provided that copies argjety of quantum information processing tasks, including quantum
EOt made or distributed for profit or commercial advantage and that Copies g a0 4 rtation [4], creation of multiple quantum-bit entangled states
ear this notice and the full citation on the first page. To copy otherwise, to \
republish, to post on servers or to redistribute to lists, requires prior specific [22]; fast quantum search [7, 14], and recently, Shor's fast quantum
permission and/or a fee. factoring algorithm [36], in factoring the number fifteen, using a
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Figure 1: Basic quantum gates and their matrix representations

Among these implementations, the solid state systems are per-modulus squared sums to 0rE,|cX|2 =1
haps the most intriguing, because of the extensive investment that A single quantum bit is commonly referred to agjabit and
has been made in semiconductor technology for conventional clas-is described by the equatidw) = ¢|0) + ¢1|1), where thec; are
sical computing, and the potential for scaling to large numbers of complex valued. Legal qubit states include pure states, such as
qubits. One such scheme, proposed by Kane, is particularly well |0) and |1), and states in superposition, suchéﬁq@ + %|1),
suited for architectural study; it captures common elements from 4 /3
the whole range of implementations, using the nuclear spins of or ?‘_0> _'7_|1>' Larger quantum systems can be composed from
dopant atoms in silicon as qubits, classically controlled metal elec- Multiple qubits, for examplegl0), or 3/00) + 301) — %|11>- An
trodes for control of quantum gates, and near neighbor, planar spin-n-qubit state is described by dasis vectors, each with its own
spin interactions for multi-qubit gates. This scheme is also suitable complex probability amplitude, so arqubit system can exist in
for VLSI style CAD layout and modeling, and reveals an interest- an arbitrary superposition of the possiblec?assical states of the
ing constraint arising from pitch-matching large classical wires to system.
small qubits, which forces computation units to be distributed in  Unlike the classical case, however, where the total can be com-
clusters rather than a single sea-of-qubits structure [23]. pletely characterized by its parts, the state of larger quantum sys-
Our study of the architectural constraints on fault-tolerant quan- tems cannot always be described as the product of its parts. This
tum computation builds on the scenario posed by the Kane solid- property, known agntanglementis best illustrated with an ex-
state implementation proposal, and within this framework we ob- ample: there exist no single qubit statés) and |g) such that
tain several interesting results. We first present complete layouts ofthe two-qubit statdW¥) = %\00) + %\11) can be expressed as
qubits and gate sequences required to implement a concatenate
seven-qubit Stez_;me code for_ recursive_quantum error c_orrection.h‘,jwe no classical analogues: they give quantum computers their
These layouts give us analytic expressions for the circuit's Spacecomputational powers.
and time resource requirements as a function of desired system re-" ajthqugh a quantum system may exist in a superposition of states,
“ap'“ty' We also co_nS|der the impact .OT planar near neighbor inter- only one of those states can be observed, or measured. After mea-
aptlons onpy, and find that_a huge I|r_n|_t|ng rolg will be p"’?‘ye_d. by & surement, the system is no longer in superposition: the quantum
single gate, thSWAPg"."te’ in determining _achlev_able re."ab'“t'e‘?" state collapses into the one state measured, and probability am-
We begin our study in the next two sections with a brief overview plitude of all other states goes to 0. For example, when the state

of quantum computation and error correction in quantum systems. 1 |00) + %‘13 is measured, the result is either 00 or 11, with

In Section 4, we discuss the model we will be using for the rest of V2 o
equal probability; the outcomd®1) or |10) never occur. Further-

the paper, and the limitations it and similar models impose. Sec- it b fth bits | . d.th .
tion 5 discusses implementations for error correction codes, while MOr€: If @ subset of the qubits In a system Is measured, the remain-

section 6 discusses the impact of communication on error correc-N9 qubits are leftina sta;e consistent with the mtlaasurement. _
tion algorithms. Finally, Section 7 discusses future work, while  SINcé measurement of a quantum system only produces a sin-
Section 8 concludes. gle result, quantum algorithms must maximize the probability that

the result measured is the result desired. This may be accom-
plished by iteratively amplifying the desired result, as in Grover’s
2. QUANTUM COMPUTATION fast database seardd(/n) for a dataset of size [11]. Another
We begin with a brief overview of the basic terminology and opt_ion is to arrange the comput_ation such that it does npt matter
constructs of quantum computation. Our purpose is to introduce theWhich of many random results is measured from a qubit vector.

language necessary for subsequent sections; in-depth treatments diis method is used in Shor's algorithm for factoring the product
these subjects are available in the literature [22]. of_two large primes [27], Wthh is built upon mod_ular exponenti-
ation and a quantum Fourier transform. For the interested reader,

2.1 Quantum States: Qubits quantum algorithms for a variety of problems other than search and
factoring have been developed: adiabatic solution of optimization
problems (the quantum analogue of simulated annealing; complex-
ity unknown) [5], precise clock synchronization (using EPR pairs
to synchronize GPS satellites) [15, 6], quantum key distribution

91e composite statda) ® |Wg). Entanglement and superposition

The state of a classical digital systefncan be specified by a
binary stringx composed of a number of bitg, each of which
uniquely characterizes one elementary piece of the systemn For
bits, there are®possible states. The state of an analogous quantum
systemys is described by a complex-valued vectd = 5y cx|x), a 1The composition operator for quantum systems is the tensor prod-
weighted combination (a “superposition”) of the basis vecteys uct, ®: [X) ®|y) = IxCx|X) ® TyCyly) = SxyCxCy[X®Y), where
where theprobability amplitudes ,care complex numbers whose  x®y is simply the string formed by concatenatixgndy.




Figure 2: Quantum Teleportation: Quantum Teleportation of
state |a). First, entangledqubits |b) and |c) are exchanged.
Then, |a) is combined with |b) after which two classicalbits
of information (double lines) are produced via measurement
(“meter” boxes). After transport, these bits are used to ma-
nipulate |c) to regenerate statda) at destination.

(provably secure distribution of classical cryptographic keys) [3],
and very recently, Gauss sums [34], testing of matrix multiplica-
tion (in O(n"®) steps versus th@(n?) required classically) [13],
and Pell’'s equation [12].

2.2 Quantum Gates and Circuits
Just as classical bits are manipulated using gates suslogs

feat by using a pair of entangled qubit¥) = %UOO) +11)),

called an EPR pafr

Figure 2 gives an overview of the teleportation process. We start
by generating an EPR pair. We separate the pair, keeping one qubit,
|b), at the source and transporting the othelr, to the destination.
When we want to send a qubig), we first interacta) with |b)
using acNOT gate. We then measure the phase and the amplitude
of |a), send the two one-bit classical results to the destination, and
use those results to re-create the correct phase and amplitigle in
such that it takes on the original state|aef. The re-creation of
phase and amplitude is done witrandZ gates, whose application
is contingent on the outcome of the measurementgjoénd |b).
Intuitively, since|c) has a special relationship with), interacting
|a) with |b) makes|c) resemblda), modulo a phase and/or ampli-
tude error. The two measurements allow us to correct these errors
and re-creatg¢a) at the destination. Note that the original state of
|a) is destroyed when we take our two measurenients

Why bother with teleportation when we end up transporiir)g
anyway? Why not just transpor) directly? First, we can pre-
communicate EPR pairs with extensive pipelining without stalling
computations. Second, it is easier to transport EPR pairs than real
data. Sincgb) and|c) have known properties, we can employ a
specialized procedure known psrificationto turn a collection of
pairs partially damaged from transport into a smaller collection of

AND, andxoR, qubits are manipulated with quantum gates such as asymptotically perfect pairs. Third, transmitting the two classical
those shown in Figure 1. A quantum gate is described by a unitary bits resulting from the measurements is more reliable than trans-
operatorU. The output state vector is the operator applied to the Mitting quantum data.

input vector; that is|Wout) = U|Win). The classicaNoT has the
guantum analogu¥ which inverts the probabilities of measuring O
and 1. The quantum analogue>abr is the two-qubitcNOT gate:
the target qubit is inverted for those states where #uircequbit

is 1. Most quantum gates, however, have no classical analogue

The Z gate flips the relative phase of th® state, thus exchang-
ing %(\@ +11)) and%(m) —1]1)). The Hadamard gatd turns
0) into %(|O> +11)) and|1) into %(|O> —|1)); it can be thought

of as performing a radix-2 Fourier transform. Another important
single-qubit gateT, leaves0) unchanged but multiplidd) by v/i.

3. FAULT-TOLERANT COMPUTATION

We turn now to an outline of the basic constructions of fault-
tolerant quantum computation. This is a rather involved subject

(for which the reader is referred to the literature [22, 10]), but three

essential ideas are covered here. The main result we build upon
is the following: A quantum circuit containing N error-free gates
can be simulated with a probability of failure of at mastising
O(poly(log(N/€))N) imperfect gates which fail with probability p

as long as p< pih, Where g, is a constant threshold that is inde-

Single qubit gates are characterized by a rotation around an axisendent of NThis remarkable result, thehreshold Theoreifi], is

X rotates the qubit byt around thex-axis; Z rotates byrt around
the Zaxis; andT rotates byrt/4 around thez axis. By composing

achieved by three steps: (1) using quantum error-correction codes
(Section 3.1), (2) performing all computations on encoded data,

the T andH gates, any single-qubit gate can be approximated to usingfault tolerant procedureg¢Section 3.2), and (3) recursively

arbitrary precision. The combination @ H, andCNOT provide
auniversal setjust as any Boolean circuit can be composed from
AND, OR, andNOT gates, any polynomially describable multi-qubit
qguantum transforr can be efficiently approximated by compos-
ing just these three quantum gates into a circuit.

One additional important operator is tilssvAp gate. Just as
two classical values can be swapped using tlxee’s, a quan-
tum SWAP can be implemented as thre@oT1s. Howeverswar is
often available natively for a given technology, which is valuable,
given its importance to quantum communication.

Figure 2 shows guantum circuitfor teleportation (described in
the next section). In quantum circuits, time goes from left to right,

encoding until the desired reliability is obtained (Section 3.3). All
of these results are from prior literature [1, 29, 32, 22, 10], but
we describe them here to make our contributions clearer in future
sections.

3.1 Quantum Error Correction

The only error which can occur to a classical bit is a bit-flip,
which can be modeled as a randoroT gate. Quantum bits suf-
fer more kinds of error, because of the greater degree of freedom
in their state representation; surprisingly, however, there are gen-
eral strategies for reducing the universe of possible quantum er-
rors to only two kinds: bit-flips (rando gates), and phase-flips

where single lines represent qubits, and double lines represent clastrandomZ gates). Classical error correction codes only take into
sical bits. A meter is used to represent measurement. By conven-account bit flip errors, and thus are insufficient for correcting quan-
tion, black dots represent control terminals for quantum-controlled tum data; furthermore, quantum states collapse upon measurement,
gates. The symbab is shorthand for the target qubit of tieaioT So strategies must be employed for determining errors without ac-
gate. tually measuring encoded data.

; 2An EPR or Einstein-Podolsky-Rosen pair is a special instance of
2.3 Quantum Teleportatlon entanglement noted in the Einstein-Podolsky-Rosen paradox [2].

Quantum teleportation is the re-creation of a quantum state at a3This is consistent with thao-cloningtheorem, which states that
distance, using only classical communication. It accomplishes this a quantum state cannot be copied.
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Figure 3: Quantum circuit for measuring Z;,, the phase differ- Figure 4: Syndrome Measurement for a 3-qubit Code. The
ence betweenp, and Y;. The meter box indicates measurement classical results of measurement (double lines) control appli-
and double lines indicate classical information. cation of the Z operator.

the nine qubits take®) ) to |1, ) and vice versa. It is the same as
applying a logicalX operatof to the encoded qubit! SimilarlyZ
o 1| qubit 3 fipped | fiip qubit 3 can be p_erformed by applying ahope_rator to each qubit, artd
1 0 || qubit 1 Mipped| flip qubit 1 by app_lylng arH operator to each qubit. _
1 1 || qubit 2 fipped | fiip qubit 2 In this paper, we employ Steandg, 1, 3] code [31], which also
allows simple computation on encoded data, but requires two fewer
physical qubits. In addition, aNoOT gate on two encoded qubits
can be accomplished using sev&noT gates, between each pair of
corresponding physical qubits. The last remaining gate necessary
mation acros bits, n > k, and ensuring enough redundancy to © achieve the universal set from Section 2.2, Theate, can also
recreate the original information. Because of the no-cloning the- P& performed, albeit with some extra effort [22]. Thus, universal
orem, quantum information cannot be simply duplicated. Instead, Computation is possible without requiring that the data be decoded.
redundancy is achieved through entangled states with known prop- Merely computing on encoded data is not sufficient, however;
erties. For example, a single logical qubig|0L) + c1|1.) can one additional step is required, which is frequent, periodic error
be represented using three physical qubits, as the G@80) + correction. Because all gates used in this task are assumed to be
c1]111). A bit flip error on the first (left-most) qubit would turn subject to failure, this must be done in a careful manner, such that
this into ¢p|100) + ¢1|011); this error can be detected by comput-  "© single gate failure can lead to more than one error in each en-
ing the parity of each pair of qubits, and leaving the result in an ¢0ded qubit block. -Such constructions are knowrfaast toler-
extra qubit called amncilla. The three parities give therror syn- ant proceduresand the impact of this requirement on our study
drome uniquely locating any single bit-flip error. Crucially, this 1S twofold: (1) no single operation may cause multiple failures,
strategy reveals nothing about the coefficientandc;, since the ~ and (2) measurement errors must not be allowed to propagate ex-
parities cannot distinguish betweé®00) and|111) or any single ~ Cessively. To achieve (1), no two encoding qubits are allowed
bit-flip version of the two three-quibit strings. By measuring pari- t© both interact directly with a third qubit. Instead, the “third
ties, errors can be detected without collapsing encoded data. qubit is replaced with aat state(a generalization of an EPR pair),
Correcting phase flips is achieved by measuring differences in y3100---0) + 5[11...1), that has itself been verified. Cat states
phase, using a circuit like the one in Figure 3. This works by us- are used because they do not transmit errors thraugbr gates.
ing a Hadamard gate to transform phase flips into bit flips; parities To achieve (2), measurements are performed in a multiple fashion.
are then measured as before, the results stored in ancilla qubitsWhile it is not possible to copy a value before measuring, it is pos-
and then the qubits are transformed back into their original basis. sible to form a three-qubit state, similar to the three-qubit bit-flip
Figure 4 shows how a phase error syndrome can be computed an&ncoding (Section 3.1), where all of the qubits should measure to
a corresponding correction procedure applied to correct the error,the same value; if one of the measurements differs, itis assumed to
following the specification of Table 1. be in error. These impacts are explained in detail in later examples.
A quantum code which encodes one qubit and allows any sin- Any logical operator may be applied as a fault tolerant proce-
gle bit-flip or phase-flip error to be corrected uses the encoding dure, as long as the probabilitg, of an error for a physical op-

| Z12 | Zzs || Error Type | Action |
0 0 no error no action

Table 1: Phase correction for a 3-qubit code

Classical error correction relies upon distributkbits of infor-

Co|OL) +¢1/1. ), where the logical zero and one qubits are erator is below a certain threshold,c] wherec is determined by
the implementation of the error correction code. For the Steane
0) = (1009 +113) ®(|000 +|111) ® (|000 + [111) [7,1,3] code,c is about 18. The overall probability of error for
22 the logical operator isp?. That is, at some step in the application
(J000) — |111)) ® (|000) —|111)) ® (]000) —|111)) of the operator, and subsequent error correction, two errors would
1) = 22 have to occur in order for the logical operator to fail.

This nine qubit code, discovered by Peter Shor [29], is also known 3.3 Recursive Error Correction
as the[9,1,3] code, in the notatiofin,k,d]| , wheren is the num-
ber of physical qubitsk is the number of logical qubits encoded,
andd is the quantum Hamming distance of the code. A code with
distanced is able to correctd — 1)/2 errors.

A very simple construction allows us to tolerate additional errors.
If a logical qubit is encoded in a block afqubits, it is possible to
encode each of thosequbits with anm-qubit code to produce an
mn encoding. Such recursion, ooncatenationof codes can re-

3.2 Computing on Encoded Data duce the overall probability of error even further. For example,

The nine qubit code has a remarkable property that illustrates a4The overscore denotes an operator on a logical qubit: a logical
key requirement for fault tolerance: applyingZegate to each of operator.
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Figure 5: Tree structure of concatenated codes

concatenating thé7,1,3]] with itself gives a[[49,1,7]] code with

an overall probability of error of(cp?)? (see Figure 5). Concate-
nating itk — 1 times gives(cp)zk/c, while the size of the circuit
increases byl and the time complexity increases tfy whered

is the increase in circuit complexity for a single encoding, tired

the increase in operation time for a single encoding. For a circuit
of size p(n), to achieve a desired probability of success ofél k
must be chosen such that [22]:

(cp)®
C

€

p(n)
The number of operators required to achieve this result is

O(poly(log p(n)/€) p(n)) .

<

4. TECHNOLOGY MODEL

With some basics of quantum operations in mind, we turn our
attention to the technologies available to implement these oper-

ations. Experimentalists have examined several technologies for

quantum computation, including trapped ions [20], photons [33],
bulk spin NMR [35], Josephson junctions [21, 37], electron spin
resonance transistors [39], and phosphorus nuclei in silicon (the
“Kane” model) [16] [30]. The last three of these proposals, which
are built on a solid-state silicon substrate, share the following key
aspects:

1 Qubits are laid out in silicon in a 2-D fashion, similar to tradi-

tional CMOS VLSI.
2 Quantum interactions are near-neighbor between qubits.

3 Qubits are stored at fixed locations, but quantum data may be

swapped between nearest neighbors.

Classical control gates

+
P
@ 3
O

20nm

20nm I

[

P
® 31
O

15-100nm

Ground plane

Figure 6: The basic quantum bit technology proposed by Kane.
Qubits are embodied by the nuclear spin of a phosphorus atom
coupled with an electron embedded in silicon under high mag-
netic field at low temperature.

ing the pulse widths, any desired rotational operator may be ap-
plied. including the identity operathr Two-qubit interactions are
mediated byS-gates, which move an electron from one nucleus to
the next. The exact details of the pulses and quantum mechanics of
this technique are beyond the scope of this paper and are described
in [30].

The Kane proposal, like all quantum computing proposals, uses
classical signals to control the timing and sequence of operations.
All known quantum algorithms, including basic error correction
for quantum data, require the determinism and reliability of classi-
cal control. Without efficient classical control, fundamental results
demonstrating the feasibility of quantum computation do not apply
(such as the Threshold Theorem used in Section 3).

The scale required by the Kane model, on the other hand, is at
odds with efficient classical control. In order to provide the fine-
grained control necessary, the control lines need to operate in a
classical manner. That is, there need to be enough quantum states
in the control lines so that electron movement is bulk, not ballistic,
and voltage transitions are smooth rather than stair-stepped. Be-
cause of this, the control lines need to be physically much larger
than the qubits they are controlling [23]. Conceptually, the control
lines need to be oflassicalsize and pitch, and packed closely to
control quantum bits placed oncquantumscale. This imposes
a constraint that qubits be laid out in straight lines, with a certain
minimum number of qubits between junctions.

4 The control structures necessary to manipulate the bits prevent Given the constraint of linearity with infrequent junctions, there

a dense 2-D grid of bits. Instead, we have linear structures of

are still several ways to lay out physical and logical qubits. Opti-

bits that can cross, but that have a minimum distance betweenMally, qubits should be arranged to minimize communication over-

such intersections [23]. This restriction is similar to a “design
rule” in traditional CMOS VLSI.
These four assumptions apply to several solid-state technolo-
gies, but for concreteness, we will focus upon an updated version
of Kane’s phosphorus-in-silicon nuclear-spin proposal [30]. This

scheme will serve as an example for the remainder of the paper,

although we will generalize our results when appropriate.

Figure 6 illustrates the Kane scheme. Quantum states are store
in relatively stable electron-donoe(—31P) spin pairs, where the
electron €) and the phosphorous donor nucleny tfave opposite
spins. The basis statd®) and|1) are defined as the phase differ-
encel0) = [feln) +[letn) and|1) = [feln ) — [letn ), respectively.
Twenty nanometers above the phosphorus atoms lie three classic
gates, oné\ gate and twd gates. Precisely timed pulses on these
gates provide arbitrary one- and two-qubit quantum gates.

Single qubit operators are composed of pulses onAtigates,
modulating the hyperfine interaction between the electron and nu-
cleus to provide rotations around tkexXis. A globally applied,
static magnetic field provides rotations aroundtais. By chang-

head.

In a fault tolerant design, the main activity of a quantum com-
puter is error correction. To minimize communication costs, qubits
in an encoding block should be in close proximity. Assuming that
the distance between junctions is greater than the number of qubits
in an encoding, the closest the qubits can be is in a straight line.
But in order to avoid interacting two qubits in an encoding with a

dhird, a two-rail approach is used—one rail for data qubits, and one

for communication.

A concatenated code requires a slightly different layout (see Fig-
ure 7). Error correction is still the important operation, but the
logical qubits at all but the bottom level of the code are more com-

Fplicated. For the second level, the qubits are themselves simple

encodings, laid out using the two-rail construction. However, to
minimize communication costs, we want these logical qubits in as
close proximity to each other as possible, just like the bottom level.

50One impact of the external magnetic field is the state of the qubit
is in constant flux. The identity operator must be applied on every
“cycle” in order to keep the current state.
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Figure 9: “Two-rail” layout for the three-qubit phase-correction code. The schematic on the left shows qubit placement and commu-
nication, where D’s indicate data qubits, A's are ancillae, andD'’s and A”’s are for communication. The open qubits at the bottom
swap in fresh ancillae, and remove used ancillae. The same layout is shown as a quantum circuit on the right, with the operations
required to create and verify an ancillary cat state, and to measure the parity of a pair of data qubits.

Hence, we need to arrange the bottom level as branches coming offised in place of &). Figure 8 shows a schematic for measuring
of a main bus. Similarly, the third level would have second-level the [[7,1,3] code. Not shown are cat-state creation and cat-state
branches coming off of a main trunk, and so on for higher levels, verification. In addition, each parity measurement must be per-

forming anH-tree. formed twice to reduce the probability of an error fr@fp) to
O(pz); if the measurements disagree, the parity must be measured
5. ERROR CORRECTION ALGORITHMS a third time!

) . . A parity measurement consists of the following:
We've discussed error correction in a general sense, and NOW ; prepare a cat state from four ancillae, using a Hadamard gate
the need for recursive error correction influences the architectural  5n4 threecnoT gates.
design. In addition, we hav_e introduc_ed several error-corr_ection 2 Verify the cat state by taking the parity of each pair of qubits. If
codes, such as Shor’s 3-qubit phase-flip code, Shor's 9-qubit code, 4y pair has odd parity, return to step 1. (Note that this requires
and Steane’s 7-qubit code. The constructions in Figures 4 and 9 ¢, aqditional ancillae. one for each pair.)

deal with the simplest of these codes, the 3-qubi_t code, which qnly 3 Use the four-ancillae cat state as theoT target of the data
corrects phase flips. In order to correct both bit and phase flips, qubits whose parity is to be measured.

a more cqmplicated code is ne_eded. For the re_mainder of this pa- 4 peconstruct the cat state by selecting one of the anciig,
per, we will focus on the 7-qubit codg?, 1, 3] , which corrects up and using it as theNoT target of the remaining three ancillae.
to a single error, and recursive codes base®, 3]] which can |Ag) now has the overall parity of the cat state.

correct many errors. We choofg, 1, 3] because of the ease with 5 Measure thigA) o:

which logical operators may be applied. In particular, remember A With |Ag) = a|0) +B|1), create the three-qubit statép00) +

that the logical operators, Z, H, andCNOT are applied by apply- B|111) by using|Ao) as the control for tw@NoOT gates, and
ing the simple operator to each qubit in the encoding block. two fresh|0) ancillae as the targets.

B Measure each of the three qubits.
5.1 The [[7, 1, 3]] Code 6 Use the majority measured value as the parity of the cat state.

Error correcting using th@7,1,3] code consists of measuring  The resulting syndrome determines which, if any, qubit has an er-
the parity of the encoding qubits in various bases. As shown in Fig- ror, and whichX, Z, orY operator will correct the error.
ure 8, the qubits are rotated to the measurement basis with Hada- For the Steang7,1,3] code, each parity measurement requires
mard gates. Parity is then measured in much the same way it is ontwelve ancillae—four for the cat state to capture the parity, six to ver-

a classical code, using two-quldNOT operators acting asoR’s. ify the cat state, and two additional qubits to measure the cat state.
Conceptually, the parity can be measured in the same way as thelhe six parity measurements are each performed at least twice, for
three-qubit code in Section 3.1, gathering the parity on anéijla. a minimum of 144 ancillae to measure the error syndrome! A less

To perform a fault tolerant measurement, however, a cat state iscomplex example is shown in Figure 9.



Each of the twelve parity measurements require: 6. COMMUNICATION COSTS

e One Hadamard and threaOT's to create the cat state; In this section, we derive the primary results of this paper. First,
o TwelveCNOTS to verify the cat state; we model the communication costs of our error correction algo-
* Fourcnorts, which can be applied in parallel, to collect the  rithms under the near neighbor constraint. We show that there are
parity of the data qubits; too manyswAP operations between upper levels of our tree struc-
e ThreecNnOTs and a Hadamard to uncreate the cat state; tures and that too much error accumulates to be corrected. Second,
e Two CNOTS to create the three-qubit state for measurement; e analyze quantum teleportation as an alternativeviap op-
and erations for long-distance communication. Finally, we show that
* Three qubit measurements, which may be performed in parallel tejeportation is necessary both in terms of distance and in terms of
with the next parity measurement. the accumulating probability of correlated errors between redun-
If the time required to apply a single-qubit operatoiSjsa cCNOT dant qubits in our code words.
is C, and a measurementhi4, then the minimum time required to
measure the error syndrome i8-212(2S+ 24C). 6.1 Error Correction Costs
5.2 Concatenated Codes The error correction algorithms in the previous section are in an

) ideal situation, where any qubit can interact with any other qubit.
The[[7,1,3]x[7,1,3] two-level concatenated code is measured ysually, qubits can only interact with their near neighbors, so be-

in the same way as tH#, 1, 3] code, except the qubits and ancillae  fore applying a two-qubit operator, one of the operand qubits must
are encoded. For example, each logical ancilla must be prepared ihe moved adjacent to the other.

the following mannét: One of the easiest ways to move quantum data is to usewhe
1 Begin with seven ancillae. operator. By applyingwaP's between alternating pairs of qubits,
2 Measure the error syndrome, and correct, as in Section 5.1. Atthe values of alternating qubits are propagated in one direction,
this point, the seven qubits constitute a valid code word. while the remaining qubit values are propagated in the reverse di-
3 Measure the value of the logical ancilla: _ rection. This can be used to suppB) ancillae for the purpose of
A Create a cat state with another seven ancillae to collect the grror correction. As a side benefit, this also removes “used” ancil-
parity of the seven qubits in the logical ancilla. lae. Figure 9 illustrates this method for the three-qubit example,
B Verify the cat state. using two rows of qubits, one for the encoding data qubits and one
C Use the cat-state qubits as tb®oT target of the qubits for the ancillae.
encoding the logical ancilla. o _ The same method can be applied to ffigl, 3] code. The actual
D Uncreate the cat-state, collecting the parity into a single communication costs depend on the physical implementation used.
qubit. The time required for an error correction parity check is
E With two fresh ancillae, create|000) + B|111)
F Measure each of these three qubits. tecc=12(tec +tev +tp +teg +tm) 1)
4 U_Isl,e the majority measured value as the value of the logical an-, 1.«
cilla.
5 If the measurement {4, ), applyX. tee is the time for cat state creation;

The error syndrome measurement is analogous to the singly-encodeg, is the time for cat state verification;
[7,1,3] case, except that the lower-level encodings must be errortp is the time to entangle the cat state with the parity qubits;
corrected between operations: . . )
1 Prepare four logical ancillae in a cat state. teq Is the time to uncreate the cat state; and
2 Error correct the four ancilla. tm is the time to perform a fault-tolerant measurement.
3 Verify the cat state.
4 Use the ancillae as theNOT target of the qubits whose parity
is to be measured.
5 Error correct the four qubits in the cat state and the logical data
qubits. tsingle iS the time required for a single-qubit operator;
6 Measure each of the fpur Ioglca! cat-state qubits. Th_e parlty_of tenot is the time required for @NOT operator;
these measurements is the parity of the four encoding qubits. . . . .
This step is equivalent to the cat-state deconstruction step for tswap _'S the t_|me requ.lred for awap operator; and
the singly-encoded case. tmeas iS the time required for the measurement operator.
As in the singly-encoded case, each parity measurement must be
performed at least twice. The resulting syndrome determines which,
if any, logical qubit has an error. The appropri®teZ, orY opera- tec = MaX(tsingle tswap) + 4tswap+ 3MaXicnot, tswap),  (2)
tor can be applied to correct the error. Of course, after the operator tey = MaX(tsingle tswap) + 18tswapt12maxXtenot, tswap),  (3)
is applied to a logical qubit, that qubit must be error-corrected. tp < 4maxtenos tewap), and 4)

Higher levels are error-corrected analogously.
ted < Stswapt2 maXtenot, tswap) +single- (5)

In the Kane modelgjngie < tswap < tenot, SO the overall cost is

For[[7,1,3] in the ideal, sea-of-qubits mod&k istsingle+ 3tcnat,
tev IS 6(2tcnot+tmead, tp iStenor—four cNOT's performed in parallel,
ted IS Aenot + tsingle @Ndioveriap IS tdecat + tmeas Where

If communication by swapping is used,

tecc < 33@swap+ 168cnot +tmeas

Since measurement is fully parallelizable, these times assume

61t may be possible to avoid usiny, 1,3] encoded ancillae for that there are enough measurement functional units to perform mea-

b} . . . . .
higher-level measurements. How to do so in a fault-tolerant manner surement in parallel with the other operations in the error-correction
is a topic for further research. cycle.




k SWAP CNOT 1-Qubit | Measurement k | Teleportation] Swapping,] Swapping, Swapping,
il 1620 288 12 108 tg.arch =22 | tgarch =61 | tgarch =285
2 690,000 120,000 4800 43,000 1 864 T 1 1
3| 27x10° | 47x10°7 | 1.9x 1¢°6 1.7 x 1077 % ggj % 181 ggg
4| 11x101 | 1.8x 109 | 7.5%x 10°8 7% 1009
5| 43x 18113 7 gi 1g2 3 gi 1g1 g 7 1£2 4 864 330 816 4,012
: : - : 5 864 913 2,317 10,381
6 864 3,696 9,819 44,987
Table 2: Operations required for an error-correction cycle at
levelk. Table 3: Comparison of the cost of swapping an encoded qubit
to the cost of teleporting it. The “swapping” values areby, the
6.2 Multilevel Error Correction distance between adjacent qubits.
For the concatenated code, the data movement in the upper lev- Swapping and Teleportation

els is more complicated. Although Eg. 1 still holds, each parity
measurement requires the following. Since ancillae are themselves 3000
encoded, they each require their own branch, and the first step is to
create the encoded ancillae, by error correcting, measuring, and if
necessary, inverting. The second step is to create the four-qubit cat
state from the logical ancillae, by applyifkyto one of the ancilla,
moving a second ancillae through the main branch to the second
rail of the first ancilla, applyingNOT, moving the second ancilla
back, and error-correcting both ancillae. This is repeated for the
second and third ancillae, and the third and fourth ancillae. Since
the ancillae are error corrected along the way, the cat state need not
be verified. 0
Next, an ancillae is moved through the main branch to the data

branch that holds a bottom-level encoding. After apply@pT, Level of Recursion
the ancilla is moved back to its own branch, and both it and the
logical data qubit are error-corrected. Since measuring the ancillae
can be performed completely in parallel, all four ancillae are mea-
sured, and the parity of the measurements is the parity of the dat

—o— Swap,B=8
—+&— Swap,B=22
—©e— Swap,B=61
—2&— Swap,B=285
— ¥ - Teleport

2000

10004
F

Number of Gates per Qubit

Figure 10: Cost of teleportation compared to swapping. The
values chosen illustrate the break-even point for different levels
2of recursion.

qubits.
For[[7,1,3] concatenated with itsektimes, to the sea-of-qubits model, whesevaF's are not required. In this
L , o .
tanck = teccko1+tmk_1; (6) realistic modelswaP's account for over 80% of all operations.
teck = 6lecck—1+ 6ok Q) 6.3 Teleportation
teuk = 1Beck—1+ 28ipk; (8) Fortunately, we can use quantum teleportation as an alternative
tpk = Becck—1+ 10 k; (9) to swapping for cpmr_nunication over long distances. To use tele-
¢ - (10) portation for our circuit, we must evaluate the number of computa-
cdk mk-1 tion and communication operations within the teleportation circuit.
tmk = 4k_1tm,1: and (11) By comparing this number of operations with the swapping costs
1 k=1 from the previous section, we can decide at what l&adlthe tree
9 - . . . . . .
thy = t8 archs k=2 (12) to start using teleportation instead of swapping for communication.
(+a)toy2+parcn, k>2 6.4 Distance Tradeoff
where the subscrigh indicates the level of encodingynck is the By calculating the number of basic computation and commu-

cost of encoding an ancillg, is the branch distance between log- nication operations necessary to use teleportation for long-distance

ical qubits at levek, tm 1 is the time required to measure a singly- communication, we can quantify when we should switch from swap-

encoded qubitt arch is the minimum number of qubits between  ping to teleportation in our tree structure. Figure 10 illustrates this

two branches for a given architectural modelis the number of tradeoff. We can see that fty 5cn = 22, teleportation should be

physical qubits in the non-concatenated codeaisdhe number of used wherk > 5.

ancillae per parity measurement. For concatenated codes, paralle -

operatiorrl) is geteZmined by the ratio of ancillae delivery to anFéiIIae é-5 Avoiding Correlated Errors

consumption for a singly-encoded parity check. [farl, 3] and a An important assumption in quantum error correction is that er-

single-qubit-wide branch this ratio is around 3. Arranging the an- rors in the redundant qubits of a codeword are uncorrelated. That

cillae as in the inset of Figure 7 minimizes the distance that ancillae is, we do not want one error in a codeword to make a second error

must travel. more likely. To avoid such correlation, it is important to try not to
The recurrence relation given in Egs. 6 through 12 give an over- interact qubits in a codeword with each other.

all time to perform an error-correction cycle at a given level of re-  Unfortunately, we find that a 2D layout cannot avoid indirect

cursion. A similar recurrence relation gives the total number of interaction of qubits in a codeword. At some point, all the qubits

operations required. The number of operators required for differ- in a codeword must be brought to the same physical location in

ent levels of encoding are summarized in Table 2, which shows thatorder to calculate error syndromes. In order to do this, they must

the SWAP operator is very important in a realistic model, compared pass through the same line of physical locations. Although we can
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